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intermediate smectic phases
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It is shown that the orientational structure of intermediate smectic phases can be determined
using the symmetry properties of the general free energy with arbitrary orientational coupling
between smectic layers, without addressing a particular model. The structure of three- and
four-layer intermediate phases, obtained in this way, corresponds to experimental data. The
same method enables one to predict the structure of intermediate phases with periodicity of
five and six layers, which have not been observed experimentally so far. The resonant X-ray
spectra of the five- and six-layer intermediate phases with predicted structure have also been
calculated. These spectra are characterized by a number of features which enable one to
distinguish five-layer and six-layer intermediate phases from phases with smaller periods.

1. Introduction

Tilted smectic liquid crystals exist in several variants,

and the two most important phases are the synclinic

SmC phase and the anticlinic SmCA phase. In the ideal

synclinic phase, both the absolute value and the

direction of the director tilt are the same in all layers,

while in the anticlinic phase the direction of the tilt

alternates from layer to layer. If the tilted smectic phase

is chiral, each smectic layer possesses a spontaneous

polarization perpendicular to the tilt plane [1, 2]. In the

bulk, chiral tilted phases are also characterized by a

helical structure with a macroscopic pitch. The excep-

tion is the so-called SmC�a phase with a short pitch of

the order of few smectic periods.

In liquid crystal materials exhibiting both synclinic

SmC* and anticlinic SmC�A phases, intermediate smectic

phases are often found in the frustration region between

the synclinic and anticlinic phases. In some cases, the

synclinic SmC* phase is replaced by the SmC�a phase as

the first phase which is formed directly below the non-

tilted SmA* phase. So far intermediate phases have

been observed only in chiral liquid crystals, while the

syn- and anti-clinic phases themselves are not directly

related to molecular chirality. One notes that the syn-

clinic structure is far more common than the anticlinic

one. The anticlinic phase has been observed only in

selected classes of smectic materials including racemic

mixtures [3–5] and a few non-chiral one-component

materials [6]. Recently the intermediate phases have

attracted significant attention, in particular after their

non-trivial structure has been revealed by the resonant

X-ray technique [7–10] and ellipsometry [11, 12]. It has

been shown that the existing intermediate phases are

characterized by the periodicity of three or four smectic

layers and possess an unusual three-dimensional chiral

stricture. Very recently the variety of liquid crystal

materials exhibiting intermediate phases has increased

significantly due to the discovery of such phases in

binary mixtures of syn- and anti-clinic smectics [13–15].

In such mixtures an intermediate phase may be stable

within a temperature interval of about 50u.
In recent years a number of theoretical models have

been proposed to explain the origin and structure of the

intermediate phases [16–20]. In particular, it has been

shown [17] that the experimentally observed 3D struc-

ture of the intermediate phases can be derived in the

framework of a relatively simple model [16, 21] without

additional assumptions based on actual experimental

data. It should be noted that several theoretical models,

which mainly differ in the nature of the long range

interlayer interaction [17, 19, 20] predict the existence of

additional intermediate phases with periods larger than

four smectic layers, including the phases with five- and

six-layer periodicity. Such phases have not been obser-

ved so far. It has been shown recently [22] that this may

be related to strong long range interlayer interaction of

the type proposed by Bruinsma and Prost [23] which has

a tendency to suppress intermediate phases with long

periods. At the same time, the temperature intervals of*Corresponding author. Email: osipov@maths.strath.ac.uk
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the three- and four-layer subphases may even increase.

On the other hand, there is no general reason why such

intermediate phases with large periodicity cannot be

observed at all, and thus they may still be discovered in

frustrated smectics of different molecular structure or in

mixtures. Therefore, it may be interesting to predict the

detailed structure of these intermediate phases theore-

tically using general arguments without reference to a

particular model.

In existing literature the structure of the intermediate

phases has been derived using specific theoretical

models [17, 19, 20]. In this paper we show that the

experimentally observed 3D structure of the intermedi-

ate phases can be derived using symmetry arguments

in the context of a very general discrete model with

practically arbitrary short and long range orientational

coupling between different smectic layers. This general

model covers all existing models proposed in the liter-

ature and includes many other possibilities. The use of

the discrete model itself does not lead to any loss of

generality in the qualitative sense because the general

discrete model corresponds to a limiting case of the

general continuum theory with perfect smectic order.

After obtaining the structure of the three- and four-

layer intermediate phases, which correspond to existing

experimental data, we use the same method to derive

the general structure of phases with periodicity of five

and six layers, which have not yet been observed.

It has been established that scattering of resonant

X-ray beams is an efficient method for experimental

resolution of the orientational structure of the inter-

mediate smectic phases [9, 10, 24, 25]. Whereas conven-

tional X-ray scattering resolves only the scalar electron

density, revealing the positional smectic order, resonant

X-ray scattering enables one to study the anisotropy of

molecular susceptibility at frequencies close to resonance

and, therefore, to study the director distribution in films

of smectic liquid crystals. In § 3 we derive expressions

describing the resonant X-ray spectra of novel inter-

mediate phases with periods of five and six smectic layers,

which can be used to identify them experimentally.

2. General structure of the intermediate phases

In this section we describe the structure of the inter-

mediate phases using the sufficiently general discrete

model. In the discrete model, the free energy of a

smectic phase is expressed in terms of the pseudovector

order parameters wi5(ni6k)(ni?k) of the individual

layers i [26, 27], where k is the layer normal and ni

is the director in the layer i. One notes that the free

energy of a single layer depends only on the square

w2
i ~sin22H=4, where H is the tilt angle, i.e. on

cos H5(ni?k). At the same time, a coupling between

different layers i and j is expressed in terms of a

coupling between the vectors wi and wj. In the general

case, the non-chiral interlayer interaction potential is a

function of the scalar product (wi?wj), while the chiral

interaction potential between layers i and j is generally

proportional to the pseudoscalar ((wi6wj)?k). For

example, taking into account only interactions between

adjacent layers, the free energy of a smectic phase per

unit area of smectic layers can be written in the

following simple form [17], with all higher order

coupling terms being neglected:

F~
X

j

F0 sin2 2H
� �

{
1

2
D wj

:wjz1

� ��

{
1

2
bQ wj

:wjz1

� �2
{l wj|wjz1

� �
:k

� ��
ð1Þ

where the first term governs the SmA–SmC phase

transition within a layer at a certain temperature TAC,

F03(T2TAC), D is the linear coupling coefficient

between adjacent layers, bQ is the biquadratic one, and

l characterizes chiral interactions. It should be noted

that chiral tilted smectic phases possess a spontaneous

polarization in every layer in a direction perpendicular to

the tilt plane, i.e. Pi,wi. In this case, the free energy also

contains the so-called ‘piezoelectric’ coupling term [26]

mp(wi?Pi), the standard dielectric term 1=x\ð ÞP2
i and

several terms describing polarization coupling between

neighbouring layers [17, 21]. However, after averaging

the total free energy over polarization distribution one

obtains the effective free energy which is expressed only

in terms of the functions (wi?wj) and ((wi6wj)?k) for

different i and j. In particular, it has been shown [17]

that the linear polarization coupling between adjacent

layers results in effective long range coupling between

order parameters wi in different layers.

Now let us define the azimuthal angle wi which

specifies the orientation of the vector wi in the layer i.

Taking into account that the vectors wi are always

parallel to the smectic plane one obtains (wi?wj)5cos

(wi2wj) and ((wi6wj)?k)5sin (wj2wi). Therefore, the

arbitrary effective coupling between any two layers i

and j depends only on the angle wij5wj2wi, and thus in

the general case the effective free energy of the tilted

smectic phase can be written as

F~
X

i

Fi Hð Þz
X

i=j

f j{ij j wj{wi

� �
ð2Þ

where f|j2i|(wj2wi) is some function of the angle wj2wi,

and Fi(H) is the free energy of a single layer. Note that

we have made the common assumption of equal tilt

angle in all layers, since there exists no evidence of the

opposite.
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One notes that the general expression (2) covers all

existing discrete models for tilted smectic phases

including those used in [16–21]. The free energy (2)

can be used to describe the general 3D structure of the

intermediate phases with different periodicity without

referring to a particular model. Below we first consider

phases with periodicity of three and four layers, and

compare the results to the experimental data. Then we

predict the possible structure of the intermediate phases

with periods of five and six smectic layers, which have

not yet been observed experimentally.

2.1. Three-layer subphase

The structure of the intermediate smectic phase with

periodicity of three layers is determined by three angles

a1, a2 and a3, where ai5wi+12wi, i51, 2, 3, and the

numbers 1, 2, 3 are used to enumerate the smectic

layers in the unit cell. The angles a1, a2 and a3 satisfy

the condition a1+a2+a352p. Now it can be shown that

the general free energy (2) can be written as a sym-

metric function of a1, a2 and a3. Indeed, let us first

consider a coupling between some layer which we

denote as ‘1’ and all other layers in the infinite system.

In the phase with the three-layer unit cell the interaction

between layer ‘1’ and the next layer ‘2’ is generally

expressed as f1(a1). Taking into account also couplings

with all other layers which are equivalent to layer 2

(i.e. with all layers j52+3l which are separated from

layer 2 by an integer number l of periods), one obtains

the following expression for the corresponding part of

the free energy:

DF12~~ff
3ð Þ

1 a1ð Þ~
X

l

f 1z3lj j a1ð Þ: ð3Þ

In a similar way one obtains an expression for the

coupling between layer 1 and all layers j such that

wj5w3, where w3 is the tilt order parameter of layer 3 in

the unit cell:

DF13~~ff
3ð Þ

2 a1za2ð Þ~
X

l

f 2z3lj j a1za2ð Þ: ð4Þ

Here we have taken into account that the angle between

w1 and w3 is equal to a1+a2.

Now we take into consideration that in the three-

layer intermediate smectic phase an arbitrary layer j is

characterized by the same orientation of the vector wj

as one of the layers 1, 2 or 3 in the unit cell. Thus the

sum DF15DF12+DF13+const presents the total coupling

between layer 1 and all other layers in the system.

Similar expressions can be obtained for the coupling

between layers 2 or 3 in the unit cell and all other layers.

As a result, the total free energy of the three-layer

intermediate phase can be expressed as:

3F3=N~3F Hð Þz~ff
3ð Þ

1 a1ð Þz~ff
3ð Þ

1 a2ð Þz~ff
3ð Þ

1 a3ð Þ

z ~ff
(3)

2 a1za2ð Þz ~ff
(3)

2 a2za3ð Þz ~ff
(3)

2 a1za3ð Þz ~ff
(3)

0 Hð Þ
ð5Þ

where the function ~ff
3ð Þ

0 Hð Þ represents the total coupling

between all layers i and j with wi5wj.

One notes that the free energy (5) is invariant under

the following permutation of angles:

a1<a2; a2<a3; a1<a3:

This means that if the three-layer intermediate phase is

formed without secondary symmetry breaking (which

may lead to violation of the symmetry presented above),

two of the angles a1, a2, a3 must be equal. For example,

one obtains a15a2 and a352(p2a1) taking into account

that a1+a2+a352p. It should be noted that the two other

solutions, i.e a15a3 or a25a3, correspond to exactly the

same structure, but with a different enumeration of

smectic layers. The corresponding structure of the three-

layer intermediate phase, which is schematically repre-

sented in figure 1, exactly corresponds to the experi-

mental data [11, 12].

Finally one notes that in principle the symmetry of

this structure can be further broken leading, for exam-

ple, to a1?a2. In this case, however, the existence of the

two different stable states with the same free energy

would lead to the formation of domains. Such domains

have not been observed experimentally, at least for the

existing subphases. Thus we assume for the rest of this

paper that secondary symmetry breaking in the inter-

mediate phases does not occur.

2.2. Four-layer intermediate phase

The general structure of the four-layer intermediate

smectic phase can be derived using the same method

that has been employed for the description of the three-

layer phase. The orientational structure of the four-

layer phase is characterized by four angles ai, i51, 2, 3,

Figure 1. Schematic structure of the three-layer intermediate
smectic phase.
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4, between the vector order parameters wi in neighbour-

ing layers. In such a phase, the orientation of the vector

wj in an arbitrary layer j is equal to that in one of the

four layers i51, 2, 3, 4 within the unit cell. Similar to the

three-layer phase, the coupling between layer 1 in some

unit cell and all other layers in the system can be

expressed as:

DF1~~ff
4ð Þ

1 a1ð Þz~ff
4ð Þ

2 a1za2ð Þz~ff
4ð Þ

3 a1za2za3ð Þ ð6Þ

where

~ff
4ð Þ

1 a1ð Þ~
X

l

f 1z4lj j a1ð Þ

~ff
4ð Þ

2 a1za2ð Þ~
X

l

f 2z4lj j a1za2ð Þ

~ff
4ð Þ

3 a1za2za3ð Þ~
X

l

f 3z4lj j a1za2za3ð Þ

ð7Þ

and the first term in equation (6) represents a total

coupling between layer 1 and all layers with wj5w2.

Here the number 2 corresponds to the second layer in

the unit cell, which starts from layer 1. Similarly, the

second term represents the coupling between layer 1 and

all layers with wj5w3, and the third term represents a

coupling with all layers j such that wj5w4 (note that the

angle between w1 and w4 is equal to a1+a2+a3).

Essentially the same expressions also describe the

coupling between layers 2, 3 and 4 in the unit cell and all

other layers in the system. For example, the coupling of

layer 2 with all other layers is given by equations (6, 7),

where all angles ai, i51, 2, 3, 4, are replaced by ai+1 with

a5:5a1. As a result, the free energy of the four-layer

intermediate phase can be written in a form similar to

equation (5)

4F4=N~4F Hð Þz~ff
4ð Þ

1 a1ð Þz~ff
4ð Þ

1 a2ð Þz~ff
4ð Þ

1 a3ð Þ

z~ff
4ð Þ

1 a4ð Þz~ff
4ð Þ

2 a1za2ð Þz~ff
4ð Þ

2 a2za3ð Þ

z~ff
4ð Þ

2 a3za4ð Þz~ff
4ð Þ

2 a1za4ð Þ

z~ff
4ð Þ

3 a2za3za4ð Þz~ff
4ð Þ

3 a3za4za1ð Þ

z~ff
4ð Þ

3 a4za2za1ð Þz~ff
4ð Þ

0 Hð Þ

ð8Þ

where the general formulae for the functions

~ff
4ð Þ

n . . .ð Þ, n~1, 2, 3 reads

~ff 4ð Þ
n

X

m

am

 !
~
X

l

f nz4lj j
X

m

am

 !
ð9Þ

and the function ~ff
4ð Þ

0 Hð Þ describes the coupling between

all pairs of layers with the same orientation of the order

parameter w.

Similarly to the three-layer phase, the general struc-

ture of the four-layer intermediate phase is determined

by the symmetry of the free energy. Indeed, the free

energy (8) is invariant under the following two sets of

angle permutation:

a1«a2 and a3«a4

or

a1«a3 and a2«a4.

One notes that these two sets of permutations corres-

pond to two different structures of the four-layer unit

cell. The first structure is characterized by a15a2 and

a35a4, while the second one corresponds to a15a3 and

a25a4. Both structures, which are schematically pre-

sented in figure 2, are allowed from the symmetry point

of view. One of them, figure 2 (b), has indeed been

observed by experiment [8, 10]. Finally, one notes that

both structures presented in figure 2 correspond to the

condition a1+a2+a3+a452p and thus a15p2a2 in

figure 2 (b). For the four-layer phase the sum of all

angles ai may also be equal to 4p. In this case, however,

one obtains the structure which corresponds to the ideal

anticlinic antiferroelectric SmC�A phase which has a two

smectic layers period.

2.3. Two possible structures of the five-layer
intermediate phase

In the five-layer intermediate phase, the orientational

structure of the unit cell is characterized by five angles

ai, i51–5, which satisfy the condition
P5

i~1 ai~2pk

where k51 or 2. Now let us select an arbitrary unit cell

in the infinite system of smectic layers, and consider the

total coupling between layer 1 in this unit cell and all

other layers in the system. Similarly to the case of the

four-layer structure the total coupling can be expressed

as

DF
5ð Þ

1 ~~ff
5ð Þ

1 a1ð Þz~ff
5ð Þ

2 a1za2ð Þz~ff
5ð Þ

3 a1za2za3ð Þ

z~ff
5ð Þ

4 a1za2za3za4ð Þ
ð10Þ

Figure 2. Two possible structures of the four-layer inter-
mediate smectic phase. The structure (a) has been observed
experimentally. See text for details.
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where

~ff
5ð Þ

i

Xi

j~1

aj

 !
~
X

l

f iz4lj j
Xi

j~1

ai

 !
ð11Þ

and i51, 2, 3, 4. Here the function ~ff
5ð Þ

i is a sum of all

coupling terms between layer 1 and all those layers j

which have the same orientation of the vector wj as in

layer 1+i within the unit cell, i.e. wj5wi+1.

Now the total coupling between all layers in an

arbitrary unit cell and all other layers in the system

(including those within the same unit cell) can be

expressed as a sum of the expressions similar to

equation (10) for all five layers in the unit cell. As a

result, the total free energy of the five-layer phase can be

written in the form

5F5=N~5F Hð Þz
X5

i~1

~ff
5ð Þ

1 aið Þz
X5

i~1

~ff
5ð Þ

2 aizaiz1ð Þ

z
X5

i~1

~ff
5ð Þ

3 aizaiz1zaiz2ð Þ

z
X5

i~1

~ff
5ð Þ

4 aizaiz1zaiz2zaiz3ð Þ

ð12Þ

where a6:5a1; a7:5a2 and a8:5a3, and the coefficients

~ff
5ð Þ

j are given by equation (11).

It can be shown that the free energy (12) is invariant

under the transformation: a1«a5, a2«a4.

Thus there exist two possible structures of the five-

layer intermediate phase. Both structures are character-

ized by a15a5 and a25a4 but, at the same time, they

differ by the value of k. The first structure presented in

figure 3 (a) corresponds to the total rotation of the tilt

within the unit cell equal to 2p, i.e. k51. The second

structure, figure 3 (b), corresponds to k52. This struc-

ture has also been obtained by a direct minimization of

the free energy using a particular model [17]. It is

interesting to note that the two structures in figure 3

differ qualitatively only by the distribution of layers

with a given tilt within the unit cell. One notes also that

the cyclic permutation of indices 1, 2, 3, 4, 5 can be

applied to all expressions presented in this section. Such

permutations only change the enumeration of layers

and do not create new structures.

2.4. Possible structures of the six-layer intermediate
phase

Equation (12) for the free energy of the five-layer phase

can readily be generalized to the case of the six-layer

phase. Taking into account that the free energy of the

six-layer intermediate phase depends on six angles ai,

i51–6, one obtains:

6F6=N~6F Hð Þz
X6

i~1

~ff
6ð Þ

1 aið Þz
X6

i~1

~ff
6ð Þ

2 aizaiz1ð Þ

z
X6

i~1

~ff
6ð Þ

3 aizaiz1zaiz2ð Þ

z
X6

i~1

~ff
6ð Þ

4 aizaiz1zaiz2zaiz3ð Þ

z
X6

i~1

~ff
6ð Þ

5 aizaiz1zaiz2zaiz3zaiz4ð Þ

ð13Þ

where a6:5a1; a7:5a2, a8:5a3 and a9:5a4, and the

coefficients ~ff
5ð Þ

j are given by relationships analogous to

equations (11).

Similarly to the previous two sections, it can be

shown that the free energy (13) is invariant under the

following two sets of transformation of angles: a1«a4,

a2«a5, a3«a6; or a1«a6, a2«a5, a3«a4.

Thus, for each value of k there are two possible

structures of the six-layer intermediate phase which are

characterized by the relationships a15a4, a25a5, a35a6

Figure 3. Two possible structures of the five-layer intermedi-
ate smectic phase. The structure (a) has also been obtained
using a particular model [17]. See text for details.

Figure 4. Two possible structures of the predominantly
uniaxial six-layer intermediate smectic phase. The structure
(b) has also been obtained using a particular model [19]. See
text for details.
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or a15a6, a25a5, a35a4. The two structures which

correspond to k51 (i.e which correspond to the total

rotation of the tilt in the unit cell equal to 2p) are

schematically presented in figure 4. Intuitively, the more

symmetric structure presented in figure 4 (b) seems to

be the more favourable one. This structure has been

obtained by the minimization of the free energy in

another particular model [19]. The only possible

structure, which corresponds to k52, is presented in

figure 5. Unlike the structures in figure 4, it is consider-

ably asymmetric and the molecules are tilted predomi-

nantly in one direction. The similar k52 analogue of the

structure from figure 4 (a) is absent, since it would

possess a three-layer periodicity.

It should be noted that equation (13) can be general-

ized to the case of arbitrary large period. The corres-

ponding expression, however, is very cumbersome and

will not be presented in this paper.

3. Resonant X-ray spectra of intermediate phases with

five- and six-layer periodicity

The general theoretical background that enables one to

resolve the director distribution within the unit cell of a

smectic phase, using the observable intensities of reson-

ant satellite peaks, is well described in [24, 25, 28].

Below we briefly view the main steps of the calculations

and consider the special features of resonant X-ray

scattering from the structures predicted in the previous

section.

The scheme of the X-ray experiment is presented in

figure 6. In contrast to conventional X-ray methods, in

this case one should take into account the polarization

degree of freedom and therefore consider the tensorial

susceptibility of the medium. One notes that the single

smectic layer susceptibility tensor has a diagonal form in

the coordinate system tilted together with the director:

x̂xs zð Þ~
x0 zð Þ 0 0

0 x0 zð Þ 0

0 0 x0 zð ÞzxA zð Þ

0

B@

1

CA: ð14Þ

Here the z-dependent susceptibility components are

expected to decay at smectic layer thickness L. Since the

anisotropic resonant part usually arises due to specific

atomic inclusions in the molecules, xA(z) should be

localized at a smaller length scale.

The total susceptibility can easily be expressed using

the rotation matrices R̂R
ið Þ

w which describe the rotation by

an angle w around the i-axis:

x̂x zð Þ~
X?

t~{?

XN

n~1

R̂R
zð Þ

wn
R̂R

yð Þ
H x̂xs zzNtLznLð ÞR̂R yð Þ

{HR̂R
zð Þ

{wn
: ð15Þ

Here the summation is undertaken first over layers n

through the N-layered unit cell and then over all the

unit cells. Again, the structure of the unit cell and its

orientation as a whole is specified by the set of N angles

{wn}, which are measured from the x-axis as shown in

figure 6.

Combining equations (14) and (15) and performing

the Fourier transformation with respect to the z-

dependence one finally obtains the susceptibility as a

function of the wave vector q parallel to the z-axis,

which can be transferred to the medium during scatter-

ing. The resonant anisotropy leads to a small tensorial

contribution to the scalar conventional peaks, which

possess the wave vectors equal to multiples of 2p/L. In

addition, (N21) equidistant satellites occur generally

between the conventional peaks. The corresponding

part of the susceptibility reads

x̂xanis qð Þ~ p

L
xA qð Þ

X?

s~{?

d q{
2ps

NL

� �

XN

n~1

exp {
2pi

N
sn

� �
T̂T H, wnð Þ

ð16Þ

Figure 6. The scheme of the resonant X-ray experiment.

Figure 5. Possible structure of the predominantly inclined
six-layer intermediate smectic phase. The tilting directions of
the 1st and 4th layers coincide.
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where we have introduced the tensorial function

T̂T H, wð Þ~sin 2H

0 0 cos w

0 0 {sin w

cos w {sin w 0

0
BB@

1
CCA

zsin2 H

cos 2w {sin 2w 0

{sin 2w {cos 2w 0

0 0 0

0
BB@

1
CCA:

ð17Þ

This function is composed of two terms with completely

different tensorial structures. According to established

terminology, corresponding satellite peaks are referred

to as 1st and 2nd type peaks, respectively. Experiment-

ally the type of the peak can easily be identified by

polarization analysis. On the other hand, very often

both types contribute to the same peak, giving rise to a

hybrid scattering.

For a given polarization of incident and scattered

waves, |i> and |f>, the scattered wave intensity is

proportional to the square of the product Sf x̂xj jiTj j. The

dependence of the satellite intensity on the unit cell

structure and experiment geometry is given by the

following factors

S fið Þ
s ~

XN

n~1

exp {
2pi

N
sn

� �
Si T̂T H, wnð Þ
�� ��f T

�����

�����

2

: ð18Þ

Here the index s51, …, N21 denotes the satellite

number. Higher s values, which are present in equa-

tion (16), correspond to satellites with the same factors

(18). Their intensities differ only due to a smooth

dependence of xA on wave vector in equation (16).

In the analysis of the polarization features we restrict

ourselves to the simplest case of s or p polarized

incident and scattered beams (see figure 6). Since the

angle of reflection is equal to the angle of incidence, b,

we have <p|5(cos b, 0, sin b), <p9|5(2cos b, 0, sin b)

and <s|5<s9|5(0, 1, 0).

Accordingly, the S-factors take the form:

S p0pð Þ
s ~sin4 H cos4 b us

1

�� ��2, S s0sð Þ
s ~sin4 H us

1

�� ��2 ð19Þ

S p0sð Þ
s ~ sin 2H sin b us

2{sin2 H cos b us
3

�� ��2 ð20Þ

S s0pð Þ
s ~ sin 2H sin b us

2zsin2 H cos b us
3

�� ��2 ð21Þ

where the parameters

us
1~

XN

n~1

exp {
2pi

N
sn

� �
cos 2wn ð22Þ

us
2~

XN

n~1

exp {
2pi

N
sn

� �
sin wn ð23Þ

us
3~

XN

n~1

exp {
2pi

N
sn

� �
sin 2wn ð24Þ

are fully determined by the structure and orientation of

the unit cell.

To illustrate this general formulae we turn now to X-

ray spectra for two particular structures predicted in the

previous section and shown in figures 3 (a) and 4 (a).

Note that according to available experimental data the

structure of the three-layer intermediate phase is rather

close to flat, i.e., the deviations of angles an from 0 or p
values are not large. In most cases, the same is also true

for the four-layer phase, although a considerably non-

flat structure of such a phase has been also reported

recently [14]. For the sake of simplicity, we assume here

that all the structures of commensurate sub-phases are

close to flat. Correspondingly, we start with analysing

the X-ray scattering in the case of flat structures (see

figure 7) and then describe special features arising from

the deviations from flatness.

It is easy to conclude from equation (22) that for a

completely flat unit cell rotated by an angle w0 with

respect to the x-axis (wn5w0 or wn5w0+p), the para-

meters us
1,3~0. Consequently, the state of the X-ray

polarization totally flips during scattering, and thus the

intensities of ps and sp scattering are equal. For the

five-layered flat structure shown in figure 7 (a), the flat

prototype of that depicted in figure 3 (a), we have

w1,2,55w0 and w3,45w0+p, which yields

S s0pð Þ
s ~S p0sð Þ

s ~16 sin2 2H sin2 b sin2 w0 cos2 ps

5
: ð25Þ

The flat six-layered structure seen in figure 7 (b) is the

flat variant of that in figure 4 (a), and there w1,2,35w0

Figure 7. Schematic structures of (a) flat five-layer corre-
sponding to figure 3 (a), and (b) six-layer corresponding to
figure 4 (a) intermediate smectic phases.
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and w4,5,65w0+p. Accordingly, the satellites with even s

vanish completely, and

S s0pð Þ
s ~S p0sð Þ

s ~4 sin2 2H sin2 b sin2 w0 sin{2 ps

6
,

s~1, 3, 5:

ð26Þ

It should be noted that in the case of weak deviation

from flat structures both pp and ss scattering appear to

be possible. For the five-layer intermediate phase with

orientational structure specified by the angles w15w0,

w25w0+d1, w35w0+p2d2, w45w0+p+d2, w55w02d1, see

figure 3 (a), with relatively small d1,2, one obtains:

S p0pð Þ
s ~cos4 b S s0sð Þ

s

~ 16 sin4 H cos4 b sin2 2w0

d1 sin
3ps

5
{d2 sin

ps

5

� �2

:

ð27Þ

For the six-layered phase with orientational structure

specified by w15w0, w25w0+d1, w35w0+d2, w45w0+p,

w55w0+p+d1, w65w0+p+d2, see figure 4 (a), both pp and

ss satellites appear with s52, 4:

S
p0pð Þ

2,4 ~cos4 b S
s0sð Þ

2,4

~4 sin4 H cos4 b sin2 2w0 d2
1{d1d2zd2

2

� �
:
ð28Þ

Any deviations from the flat structure give rise to a

correction to the ps and sp scattering intensities,

equations (25) and (26). However, for the majority of

the satellites, the corresponding contribution is extre-

mely small due to the weakness of the deviation. The

only exclusions are the s52, 4 satellites in the six-layered

intermediate phase, which are absent if the unit cell is

completely flat:

S
s0pð Þ

2,4 ~S
p0sð Þ

2,4

~16 sin4 H cos2 b cos2 2w0 d2
1zd1d2zd2

2

� �
:

ð29Þ

The intensity of these satellites is proportional to a

higher power of the tilt angle H and thus these peaks are

even weaker than the peaks of equations (27) and (28).

In a real X-ray experiment the orientation of the

director in a given smectic layer is not necessarily

homogeneous within the whole area illuminated by the

beam. Domains and/or long range in-plane fluctuations

of the tilting direction may lead to a strong spatial

variation of the angle w0 in the plane of the layer.

However, all expressions obtained in this section can

readily be modified to take the w0-uncertainty into

account by a simple replacement of all squares of

trigonometric functions of w0 in equations (25–29) by

the average value of 1/2.

In summary, it has been shown in this section that the

spectra of resonant X-ray scattering from five- and six-

layered intermediate phases can be used for clear identi-

fication of these phases. For example, the existence of

the s51, 3, 5 satellites in the six-layered phase enables

one to distinguish it from the three-layered phase. In

addition, polarization analysis enables us to resolve the

unit cell structure of these phases. Indeed, comparing

the intensities of the ps and sp scattering, equa-

tions (25) and (26), for different satellites (different s)

the structure of the prototype flat phase can be resolved.

At the second stage the analysis of weaker pp an ss
scattering enables one to determine the amplitudes of

weak deviations from the flat structure.

4. Discussion

It has been shown in this paper that all qualitative

features of the actual structure of the intermediate

smectic phases can be obtained using the symmetry

transformation properties of the general expression for

the free energy of the corresponding phases, without

addressing a particular model. The general free energy

of a smectic phase used in this paper is not based on any

particular interlayer interactions but includes practically

arbitrary short as well as long range coupling between

different smectic layers. We have shown that a unique

structure of the three-layer intermediate phase exists

(see figure 1) which corresponds to the symmetry of the

general free energy. This structure also corresponds to

the existing experimental data. In the case of the four-

layer phase, two different structures are consistent with

the transformation properties of the general free energy

(see figure 2). One of these structures has indeed been

observed experimentally. Using the same method we

have also predicted the possible structures of the five-

and six-layer intermediate phases which are presented in

figures 3–5. There exist only two qualitatively different

structures of the five-layer phase which are consistent

with the symmetry of the general free energy. One of

these structures also corresponds to the structure

obtained after a direct minimization of the free energy

in the context of a particular model [17]. Note that the

other structure, which corresponds to a total rotation of

4p within the unit cell, contains more ‘anticlinic’ pairs,

while the structure presented in figure 3 (a) contains

more synclinic pairs. In general, there exist three possi-

ble structures of the six-layer intermediate phase which

are consistent with the symmetry of the general free

energy. One of them, see figure 4 (b), has also been

obtained using a different model [19]. The structures

presented in figures 4 (b) and 5 differ qualitatively only
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by the relative amount of synclinic and anticlinic pairs

in the unit cell.

The structures in figures 3–5 are presented here to

illustrate qualitatively possible director distributions

within a unit cell. The numerical values of the angles

between tilt directions in adjacent layers are expected to

be different for different materials. At the same time

there are several interesting particular cases of the

general structures. For example, flat unit cells presented

in figure 7 are also consistent with the symmetry of the

general free energy. It can be shown, however, that all

two-dimensional structures are unstable with respect to

any chiral orientational interactions between different

smectic layers. One also notes that ‘clock’ helical struc-

tures, in which all angles between tilt directions in

adjacent layers are the same, possess higher symmetry

than those presented in figures 3 and 4. Also, this higher

symmetry does not contradict the transformation

properties of the general free energy. The commensurate

‘clock’ structures, however, have not been observed so

far.

In the last section we also obtained explicit analytical

expressions which describe resonant X-ray spectra of

five- and six-layer intermediate phases with the pre-

dicted structure. These spectra are characterized by a

number of additional satellites which can readily be

identified to distinguish the corresponding intermediate

phases from those with smaller periods. In particular,

the resonant spectra of the five-layer subphase are char-

acterized by satellites with all possible values of s51, 2,

3, 4. In the case of the six-layer subphase the existence

of the s51, 3, 5 satellites enables one to distinguish it

from the three-layer subphase. As with the three- and

four-layer subphases, in the case of 3D five- and six-

layer phases both pp and ss scattering is also possible

for the same value of s. In addition, the six-layer

structure is characterized by specific pp and ss satellites

with s52, 4 which are absent in the corresponding six-

layer flat structure. These additional peaks are expected

to be relatively weak in the case of small tilt angles

because their intensity is proportional to sin4 H.

Finally, it should be noted that we did not consider

intermediate phases with periods larger then six layers

because it is rather unlikely that such phases can be

observed in real systems. Intermediate phases with large

periodicity may be suppressed by a number of factors

including surface and finite size effects.
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